Abstract: Octave-spanning frequency comb generation in the deep mid-infrared (>5.5 μm) typically requires a high pump power, which is challenging because of the limited power of narrow linewidth lasers at long wavelengths. We propose twofold dispersion engineering for a Ge-on-Si microcavity to enable both dispersion flattening and dispersion hybridization over a wide band from 3.5 to 10 μm. A twooctave mode-locked Kerr frequency comb can be generated from 2.3 to 10.2 μm, with a pump power as low as 180 mW. It has been shown that dispersion flattening greatly enhances the spectral broadening of the generated comb, whereas dispersion hybridization improves its spectral flatness.
Introduction
Recently, frequency comb generation in the mid-infrared (mid-IR) has become an intensely investigated topic for spectroscopy and imaging applications [1] . Kerr frequency combs generated in mid-IR microresonators [2] [3] [4] [5] can be compact and broadband, suitable for building a portable device [6] [7] [8] [9] . Many of the optical materials used thus far for mid-IR photonics become strongly absorptive above 5.5 μm wavelength, whereas the term "mid-IR" means a large spectral range, from 2.5 to 20 μm, i.e. three octaves [10] [11] [12] [13] , with many molecular fingerprints to be detected. Some material combinations, e.g. chalcogenide glasses and Ge/Si, can be used as waveguide core and cladding at more than 5.5 μm in the deep mid-IR. However, thermal effect becomes more severe, and chalcogenides might suffer from this due to their relatively low thermal conductivity and glass transition temperature. Ge-on-Si waveguides and microresonators would be desirable [10, 11, 14, 15] , as Ge has a high refractive index (~4.3), strong nonlinearity, no two-and three-photon absorptions above 5 μm, and CMOS compatibility.
There are few technical challenges for wideband mode-locked Kerr comb generation in the deep mid-IR. If the higher-order (>2) dispersions and other nonlinear effects such as self-steepening and Raman scattering are ignored, cavity-soliton-based mode-locked combs have their bandwidth related to the following physical parameters [16] :
where the nonlinear coefficient γ is nearly inversely proportional to λ 3 [γ is expressed as 2πn 2 /(A eff λ), where n 2 is the nonlinear index of the refraction of the guided mode, which has little change over the spectra where four-photon absorption can be negligible, and A eff is the effective mode area, which is almost proportional to λ 2 ] and dramatically decreases with wavelength; the cavity finesse F is mostly determined by the Q factor, which is limited by a high scattering loss in high-index cavities due to sidewall roughness; the pump power P is also limited by narrow-linewidth quantum cascaded lasers associated with thermal problem in the mid-IR; and β 2 is the group-velocity dispersion. Due to the rapidly decreasing nonlinear coefficient, loss-induced low finesse, and limited availability of high-power lasers and amplifiers, there have been few reports on mid-IR microresonator-based comb generation above 5.5 μm. Dispersion engineering is believed to be the key to achieve a wideband mode-locked Kerr comb with a limited pump power.
Here, we present twofold efforts in dispersion engineering to solve the above problem: (i) dispersion flattening and (ii) dispersion hybridization. First, it is desirable to obtain low and flat dispersion over a wide band where near-zero dispersion is maintained [17, 18] for an octave-spanning comb. However, the previously proposed dispersion flattening technique [17, 18] requires using a low-index material (e.g. SiO 2 ) to form a slot structure that is not practically more than 5 μm because of high material absorption. Second, even with a flattened anomalous dispersion, widely apart comb lines will still see a large group delay difference over an octave-spanning bandwidth, making it difficult to achieve a wide comb spectrum associated with an ultra-short cavity soliton. Thus, it is worth exploring a new comb generation mechanism with normal dispersion introduced into a dispersion profile, which can further reduce the group delay difference between the widely apart frequency components and contribute to the generation of a dispersive wave that broadens the soliton spectrum. However, this is controversial to an established rule that a bright soliton needs anomalous dispersion over its whole spectrum in general.
In this work, we propose a Ge-on-Si microresonator for power-efficient frequency comb generation in the deep mid-IR, which is dispersion flattened without using a slot. The cavity is designed by jointly considering dispersion, single modeness, effective mode volume, and different loss mechanisms. In particular, we hybridize the dispersion profile with a normal dispersion in the middle, between two anomalous dispersion bands, which is called the hybrid dispersion here. As a result, a two-octave Kerr comb can be generated in the deep mid-IR from 2.3 to 10.2 μm with the pump power reduced to only 180 mW. Intriguingly, this comb can be mode locked via bright cavity soliton formation, even with this hybrid dispersion, which is studied for the first time as an effective way to reduce pump power requirement. Figure 1 shows a Ge waveguide on the Si-on-insulator platform, and the buried SiO 2 layer is partially etched to avoid a strong material absorption above 3.8 μm [11] , leaving an Si slab to support the Ge waveguide. The structural parameters of this waveguide are width = 880 nm, Ge height = 2200 nm, Si ridge height = 600 nm, Si slab height = 530 nm, and sidewall angle = 87°. In the design of this waveguide, several issues have to be taken into account simultaneously.
Resonator configuration
First, dispersion flattening without using a slot is different from previous dispersion engineering schemes [17, 18] . Here, we control the optical mode extension from Ge to Si as the wavelength increases, which determines the effective refractive index as a function of wavelength [19] . In Ref. [19] , the material indices are relatively small, but in this work Ge has a very high index contrast with air, which causes a strong waveguide dispersion. Thus, we change the low-index part (i.e. Si part) from a strip as in Ref. [19] to a ridge/slab structure in Figure 1 for dispersion engineering, and the slab also serves to support the whole waveguide. In principle, the role of the Si part is to allow the mode to extend to Si instead of air so that one can tailor the Si ridge dimensions to control the mode extension and the effective index. We use the fundamental quasi-TM mode, and a full-vectorial finite-element method is employed for mode analysis. All material dispersions are taken into account using the Sellmeier equations [11] . As shown in Figure 2A , an ultra-low and flat dispersion is obtained from 3.5 to 10 μm. Note that the dispersion is hybrid, which has both normal and anomalous dispersions over the above bandwidth, with a variation from −16 to 32 ps/nm/km, and the zero-dispersion wavelengths (ZDWs) are located at 3.315, 5.645, 7.405, and 9.708 μm, respectively. γ is also calculated over wavelength with the nonlinear index n 2 in [11] , which decreases quickly in Figure 2A .
Second, the higher-order modes need to be suppressed as much as possible. In fact, as we pursue octave-spanning comb generation, even if a waveguide is designed to be single mode on the long-wavelength side, it naturally becomes a multimode waveguide on the other side, where the wavelength is almost halved. Thus, the suppression of the higher-order modes should be taken into consideration while tailoring the dispersion of the waveguide. We design a quite small waveguide width here instead of reducing the waveguide height. In this way, we can reduce the number of the higher-order modes without increasing the substrate leakage much. Figure 2B presents the mode characteristics of this waveguide. There are three higher-order modes at the TM polarization that are adjacent to the fundamental TM mode, i.e. TM 01 , TM 02 , and TM 03 modes, respectively. The effective indices of the three modes change with wavelength at different rates, and their cutoff wavelengths are all below the central wavelength (6.6 μm) of the flat dispersion band in Figure 2A .
Third, the optical losses of the designed waveguide mainly include material absorption, substrate leakage, and scattering loss. The material losses in Si and Ge are shown in Figure 3A [11] . Ge is quite transparent, whereas Si becomes lossy above 8.5 μm. As we use Si as bottom cladding, it does not add much to the total loss as confirmed by the comparison in Figure 3B . Regarding substrate leakage, light is confined well in the core and almost no field leaks into the substrate at short wavelengths. As wavelength increases, the mode field spreads more into the Si substrate. If no material absorption is taken into the model, the substrate leakage becomes severe above 11 μm (dashed line) in Figure 3B . After adding the material losses, we find a slightly increased loss (solid line) in Figure 3B . The scattering loss is not easy to be calculated. Here, we assume the scattering loss to be 3 dB/cm because of a relatively small width used compared to the waveguide with a scattering loss of 2.5 dB/cm measured in Ref. [14] .
To realize frequency comb generation in a Ge microresonator, which is based on the proposed waveguide, we have to balance between a small mode volume and a high bending loss. Based on a cylindrical coordinate system [20, 21] , we calculate the bending loss versus wavelength for different ring radii: 12, 15, 18, and 20 μm, respectively. As shown in Figure 3C , the bending loss increases significantly above 7 μm for a radius of 12 μm. Moreover, the bending loss decreases dramatically as the radius increased. 
Comb generation
We use a microresonator with a bending radius of 12 μm for frequency comb generation. With optical losses above, we obtain a Q factor of 40,000 at 4.51 μm wavelength. The free spectral range is 1 THz, and accordingly, the finesse is about 600. We use the Lugiato-Lefever equation [6, 16, 22] to simulate the comb generation with a temporal step of 1 fs. We pump the microresonator at the resonance adjacent to 4.51 μm in the anomalous dispersion band, and the pump power is 180 mW, which is available from the stateof-the-art quantum cascaded lasers. The comb generation process is seen in Figure 4 , as shown by the spectral and temporal snapshots at the normalized pump detuning Δ = 0, 4, and 10, and Δ is defined as 2δ 0 /(α + κ), where δ 0 is the phase detuning of the pump from the closest cavity resonance, α is the internal linear roundtrip loss of the cavity, and κ is the input coupler power transmission coefficient, as described in Ref. [16] . κ here is 5.188 × 10
The comb spectrum becomes increasingly smooth, and accordingly, the intracavity field evolves into a pulsed waveform, as a result of a transition of the generated comb from the modulational instability regime to the cavity soliton regime [23, 24] , as presented by Figure 4B . Finally, a single bright soliton is formed with a full-width at halfmaximum of 16 fs (i.e. single-cycle level) and a peak power of 63 W, corresponding to a two-octave mode-locked frequency comb from 2.3 to 10.2 μm at −30 dB level. A strong dispersive wave is found at 2.41 μm. The generated comb has a nonlinear conversion efficiency of 4.1% [25] .
It is important to note that the bright soliton's spectrum fully covers the two anomalous dispersion bands and the normal dispersion band in the middle, which is smooth and mode locked. This can be explained as follows. As the comb spectrum is very wide, where dispersion varies with wavelength, the overall dispersion experienced by the whole comb is still anomalous. Thus, one can expect a bright soliton. We also show the pulse waveform (solid curve) and frequency chirp (dashed curve) in the time domain in Figure 5 . The soliton is slightly chirped at the pulse peak, and the chirp is about 1.5 × 10 −4 rad/fs 2 , which can be caused by the unusual dispersion profile mentioned above, Raman scattering, self-steepening, and especially the generation of dispersive waves.
According to the dispersion profile in Figure 2A , we see that there is a low dispersion band from 3.5 to 10 μm wavelength, and one can tune the pump wavelength based on the availability of pump lasers. For comparison, we keep the X = 10 (X is defined in Ref. [16] ), indicating the same normalized pump power. Due to a rapid decrement of the nonlinear coefficient as wavelength increases, as seen in Figure 2A , the actual pump power changes accordingly. Figure 6 shows the generated comb spectra, and we see that the comb can be mode locked, when pumped at 4.51 and 5 μm, showing a certain flexibility of choosing the pumping wavelength. Note that, when pumping at 4.51 μm, we only need a pump power of 180 mW for a Kerr comb from 2.3 to 10.2 μm. In contrast, one needs a pump power of 240 mW, when pumping at 5 μm, and the comb bandwidth is from 2.5 to 8.1 μm, as shown in Figure 6 .
We then examine comb generation for a different bending radius with the same pump power of 180 mW at 4.51 μm, as shown in Figure 7 . The comb bandwidth is almost independent of the radius. Although the comb spectrum for a 12 μm radius has a slightly higher comb line power of about 6 μm due to an increased mode volume in the nonlinear cavity, the bending radius of 20 μm might be preferred for more comb lines above 9 μm wavelength.
To more clearly show the benefit of the proposed twofold dispersion engineering, we present three comb spectra in Figure 8 , each corresponding to a cavity with specific parameter combination. Cavity 1 has the parameters mentioned above, generating a hybrid dispersion with four ZDWs. Cavity 2 (another Ge-on-Si cavity) generates an anomalous dispersion from 3.36 to 10.42 μm with two ZDWs. Cavity 3 is a low dispersion Ge strip cavity reported in Ref. [11] . Their dispersion curves are shown in Figure 8A . Cavities 1 and 2 produce a saddle-shaped When the pump is at a long wavelength, the pump power has to be increased due to a small nonlinear coefficient. dispersion profile via dispersion flattening, which effectively reduces the dispersion value experienced by the main part of the generated combs. We use a pump wavelength at 4.8 μm and a pump power of 300 mW. The comb bandwidths for cavities 1 to 3 are 9.4, 6.1, and 2.5 μm, respectively, at −30 dB level, as shown in Figure 8B . Allorder dispersions are considered here, and the phasematching parameter, defined as β(ω) − β(ω 0 ) − β 1 (ω 0 ) (ω − ω 0 ) − γP s /2, where P s is the soliton peak power [26] , for three cavities is shown in Figure 8A , predicting the locations of dispersive waves in good agreement with those in Figure 8B . It is important to note that, in contrast to the cavities 2 and 3 cases, for cavity 1, the peak of the comb spectrum is blue shifted, away from the pump wavelength, where dispersion is more anomalous. Thus, when the phase-matching parameter is calculated, ω 0 should be the peak angular frequency of the comb spectrum, which may not be exactly the angular frequency of the pump.
First, the impact of dispersion flattening is shown by comparing the generated combs using cavities 2 and 3. Dramatically extended dispersion bandwidth and reduced dispersion value in cavity 2 support comb spectrum broadening to the deep mid-IR range up to 12 μm. Second, dispersion hybridization greatly contributes to the frequency comb improvement due to the generation of a dispersive wave at longer wavelengths compared to cavity 2. The comb spectrum from cavity 1 becomes much flatter, from 6 to 11 μm, compared to that from cavity 2. In particular, the comb line power varies by only −3 dB over a wide spectral range from 6.3 to 8.7 μm, which reveals a highly desired power transfer from the pump to distant comb lines.
Summary
We have presented a dispersion-flattened Ge-on-Si microcavity for power-efficient generation of two-octave frequency combs in the mid-IR. A flattened and hybrid dispersion is achieved from 3.5 to 10 μm as a key enabler for comb spectral broadening and pump power reduction. Based on this unique dispersion, we showed that a modelocked Kerr frequency comb could be generated from 2.3 to 10.2 μm with only 180 mW pump power required.
